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Abstract 

We extend the notion of multi-moment map to geometries defined 
by closed forms of arbitrary degree. We give fundamental existence 
and uniqueness results and discuss a number of essential examples, 
including geometries related to special holonomy. For forms of de- 
gree four, multi-moment maps are guaranteed to exist and are unique 
when the symmetry group is (3, 4) -trivial, meaning that the group is 
connected and the third and fourth Lie algebra Betti numbers vanish. 
We give a structural description of some classes of (3, 4) -trivial alge- 
bras and provide a number of examples. 
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Closed forms and multi-moment maps 
1 Introduction 

The rich and varied field of symplectic geometry is the study of closed non- 
degenerate two-forms. It has origins in the study of Hamiltonian djmamics 
and the geometry of phase space. From a mathematical point of view it is 
natural to try to see how much of this theory may be extended to closed 
forms of higher degree. A number of authors have already made attempts 
at generalising the Hamiltonian picture to higher-degree, or multi-, phase 
spaces, often motivated by the interest in various field theories [11, 12, 19, 1, 
2]. Indeed string- and M-theories with fluxes give a number of geometries 
equipped with closed differential forms of varying degrees, see [20] for one 
such example. 

The purpose of this article is to study the geometry of closed differen- 
tial forms in general, with particular emphasis on new techniques that are 
available in the presence of symmetry. One main tool in the construction 
of various symplectic manifolds is the Marsden-Weinstein quotient formed 
by taking quotients of the level sets of a moment map. One important fea- 
ture of the moment map in symplectic geometry, is that it takes values in 
a finite-dimensional vector space depending only on the symmetry group 
and not on the underlying manifold. Previous attempts to extend moment 
maps to forms of higher degrees, have produced maps taking values in 
infinite-dimensional spaces of forms over the manifold, see the references 
above, though [32] provides an interesting alternative. In [29] we intro- 
duced a new notion of multi-moment map for geometries with a closed 
three-form, which shares the above basic property of symplectic moment 
maps. A thorough study of these new maps was made in [30]. In this paper 
we will show how this theory extends to forms of arbitrary degree, in large 
part based on ideas developed in the thesis [28]. Not only do these multi- 
moment maps take values in a finite-dimensional vector space, but there 
are existence results based on easily satisfied properties of the manifold 
or its symmetry group. We will thus describe the general theory, give ex- 
amples of multi-moment reduction of various geometries, particular ones 
with a closed four-form, and study an algebraic condition on Lie groups 
that guarantees existence and uniqueness of multi-moment maps for four- 
form geometries. 

One salient feature of symplectic geometry is that the two-form is non- 
degenerate. What this means for a form of higher degree is less clear and 
we start the paper in Section 2 by discussing a number of different possib- 
ilities. These distinguish a number of geometries that have importance in 
their own right, for example geometries with exceptional holonomy, but do 
not lead to any one good constraint, so for the general theory we do not 
impose such assumptions. 

In Section 3 we then introduce the notion of multi-moment map for sym- 
metries of closed geometries of arbitrary degree. In order to facilitate the 
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proofs we develop some theory of multi-vectors on manifolds and in par- 
ticular give an extension of the classical Cartan formula which expresses 
the Lie derivative of forms in terms of exterior derivatives and contrac- 
tions. Multi-moment maps are then defined, and existence and uniqueness 
theorems proved under topological and under algebraic assumptions. Sec- 
tion 4 then gives a number of examples of closed geometries, computes 
multi-moment maps in a number of cases and discusses the geometries 
of quotients. Finally, in Section 5 we study the algebraic condition found 
in Section 3.2 for the existence and uniqueness of multi-moment maps for 
geometries with a closed four-form. These conditions are expressed as the 
vanishing of the third and fourth Lie algebra cohomology groups. We show 
how to exploit the Hochschild-Serre spectral sequence to determine the al- 
gebraic structure of a wide class of such Lie algebras and give a number of 
examples. 
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the Danish Council for Independent Research, Natural Sciences, Symmetry 
Techniques in Differential Geometry and by the Ministry of Science and 
Innovation, Spain, under Project mtm2008-01386. AFS thanks the organisers 
of the GESTA meeting 2011 for a stimulating event and the opportimity to 
present aspects of this material. 

2 Distinguished differential forms 

We will be considering geometries defined by closed differential forms. So 
as a first question we address the issue of whether there are any algebraic- 
ally distinguished forms on a vector space. Recall that in symplectic geo- 
metry one makes repeated use of the 'non-degeneracy' of the symplectic 
two-form CO. Algebraically this leads to the fact that a symplectic manifold 
is of even dimension and then the closure of to is used for Darboux's The- 
orem, that there are local coordinates so that co = dxi A dyi + ■ ■ ■ + dx„ A 
dy„ . For higher degree forms, the situation is not simple and it is not clear 
which definition is appropriate. Let us discuss some of the possibilities. 

Let y be an n-dimensional vector space over R. Write A*y* for the 
algebra of forms on V. 

Definition 2.1. A form a ^ A^'V* is said to be fully non-degenerate if 

a{vi,V2,...,Vr-l,-) 
is non-zero whenever Vi, . . . ,Vr-i G V are linearly independent. 
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For r = 2, this is the usual non-degeneracy of a two-form. For any 
two-form a. there is a basis of V* such that 



for some k ^ ^ dim V. To see this start with a non-zero vector X G V and 
put 62 = a(X, •). Choose a vector Y such that e2(y) = 1 then choose a 
one-form ei with ei(X) = 1 and e2(y) = 0. We now have a' = a — ei A ea 
is zero on X and Y, and the result follows by induction. We see that a is 
non-degenerate if and only if dim V = 2k. 

For forms of degree 3, full non-degeneracy already gives much stronger 
restrictions. 

Theorem 2.2. A vector space of dimension n admits a fully non-degenerate of 
form of degree r ^ 3 if and only if r = nor the pair (r, n) is either (3, 7) or (4, 8). 

Proof. Choose an inner product {■,-)onV. A form oc G A''V* defines a 
cross-product like operation y ~^ — ^ V via 



This operation is continuous and has the property that the product Vi x 
• • • X Vr-i is orthogonal to each of the Vj. When a. is fully non-degenerate, 
this product on linearly independent vectors is non-zero. Let Vr^n denote the 
Stiefel manifold consisting of all r-tuples {fi,...,fr) of orthonormal vectors 
in R". The map 



is a cross section of the projection Vr,n — ^ Vr-i,n- It is a topological result 
of Whitehead [38] that such a cross-section exists only in the given cases. 
An elementary proof for the case of two-fold cross-products, r = 3, may be 



For r = n, a volume form on V provides a fully non-degenerate form. 
Examples for the other two cases of this result are given by the three-forms 



a = ei A 62 H h e2k-i A e2k, 



(2.1) 



X z;2 X ■ ■ ■ X Vr-l,w) = Cc{Vi,V2,. . .,Vr-l,w). 




found in [31]. 



□ 



^0 = ^123 + ^145 + ^167 + ^246 — ^257 — ^347 — ^355 



(2.2) 



on IR'' and the four-form 



^0 — ^1234 + ^1256 + ^3478 + ^3456 + ^1278 + ^1357 " ^1368 

— ^2457 + ^2468 " ^1458 " ^'1467 " «^2358 " '^2367 + ^5678 



(2.3) 



on R^. Here ei,. . . ,e„ is a basis for (R")* and wedge products have been 
omitted from the notation, so £123 = ei A £2 A £3, etc. 
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The forms and Oq have interesting geometric properties. In par- 
ticular, if we consider the action of GL(n, R) then the isotropy groups 
{g G GL{n,M) : g ■ a = a.} are the compact 14-dimensional exceptional 
Lie group G2 for a = cpo and the compact 21-dimensional group Spin{7), 
the simply-connected double cover of SO(7), for a = <E>o, see Bryant [8]. We 
now see that the dimensions of the orbits of these forms are 

dim(GL(7,R) ■ cpo) = 49 - 14 = 35, 
dim(GL(8,R) • Oq) = 64 - 21 = 43. 

The first of these is notable since dim A^R'' = 35, so the orbit of ^0 in A^R'' 
is open. 

Definition 2.3 (Hitchin [23]). A form Oi £ A'V* is stable if the orbit GL{V) ■ Oi 
is open in A^V*. 

For general forms the condition of stability provides restrictions on the 
dimension of V. 

Proposition 2.4. A vector space of dimension n admits a stable form of degree r if 
and only if either re {l,2,n — 2,n — l,n} or r G {3, n — 3} with n e {6, 7, 8}. 

Proof. We give the basic arguments, following Hitchin [23]. 

The dimension of the orbit GL(n,R) • a is at most dim(GL(n,R)) = n^. 
To have a stable form we thus need n^ ^ dimA''R" = ("). The binomial 
coefficient (") is a polynomial of degree r in n, which for 3 ^ r ^ n — 3 
grows quicker than n^. Now for r < n/2, we have dim A''R" < dim A'^+^R", 
so we start by considering the case r = 3. In this case, we see that 

dimA^R" -dim(GL(n,R)) = in(n - 1)(m - 2) - 

= in((n-9)n + 2) 

so an orbit in A^R" can not be open if n ^ 9. In dimension n = 8, we 
have dimA^R^ < 64 = dimGL(8,R), but dim A^R^ = 70 > 64, so orbits of 
four-forms on R^ are never open. This gives the list of possible r and n in 
the statement. 

It remains to show that each case can be realised. For r = 1, n — 1, n, we 
take K to be any non-zero form of the given degree. For r = 2, open orbits 
are realised by forms as in (2.1) with k = [n/2j . Taking the Hodge star of 
such a two-form gives a stable form of degree n — 2. 

Finally, we need to give appropriate three-forms in dimensions 6, 7 and 
8; the case for r = n — 3 will then follow by taking Hodge stars. For 
dimension n = 6, one can take a to be the real part of a complex volume 
form on R^ = C^. We have already seen ^0 (2.2) is stable on R'^. Finally 
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for n = 8, one identifies with the Lie algebra su(3). This carries an ad- 
invariant three-form a(X, Y, Z) = ( [X, Y], Z), which in an appropriate basis 
is 

1 1 

po = ei73 + ^ei(e47 - ese) + ^rezie^e + ^57) 

+ 2^3(^45 - ee?) + ^£8(^45 + ^67)- 

The infinitesimal stabiliser of this form is su(3) and so the orbit of po has 
dimension 64 — 8 = 56 = dim A^IR^ and is open. □ 

Note that the connected subgroup of GL(8,R) preserving po is PSU{3): the 
quotient of SU{3) by its centre Z/3. 

So far we have considered two strong conditions on forms and found 
them to be rather restrictive. There is another condition that is useful more 
generally. 

Definition 2.5. A form a on V is (weakly) non-degenerate if 

v^a = a.{v, ■,...,■) 



is non-zero for each non-zero v. 



Any non-zero form a gives rise to a non-degenerate form on the quo- 
tient y/kera where kera = {v e V : vjoc = 0}. Conversely a volume 
form always provides a non-degenerate form on any vector space. For a 
particular degree of form there can be restrictions on the dimension. For 
two-forms weak and full non-degeneracy are the same and the space must 
be even-dimensional. In higher degree we have far fewer restrictions. 

Proposition 2.6. A vector space of dimension n admits a non-degenerate form of 
degree r with r ^ 3 if and only if n'^ r and n r + 1. 

Proof. For n < r, we have A^V* = {0}, so all r-forms are zero and thus 
degenerate. For n = r + 1, any form of degree r is the Hodge dual of a 
one-form and so has the form a = 62 A • • • A e„, which is degenerate. 

To demonstrate existence of non-degenerate forms in the remaining 
cases, first consider r = 3. If n ^ 3 is odd, let a; be a non-degenerate 
two-form on R"^^, then a = a; A is a non-degenerate three-form on R". 
If n ^ 6 is even, then writing R" = R^ © R"^^ we have a non-degenerate 
three-form given by a = 6123 -I- a', where £123 is a volume form on R^ and 
a' is non-degenerate on R"~^. 

Now for r > 3, given a non-degenerate form a' of degree r — 1 on R"^^ 
we have that a = a' A e„ is non-degenerate of degree r on R". □ 
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3 Multi-moment maps in general degree 

The general situation we wish to study is where a symmetry group G acts 
on a manifold M preserving some closed form. 

Definition 3.1. For r ^ 2, a closed geometry of degree r on a manifold M is 
choice of a closed differential form a e CY{M). 

Here a closed means da = in the exterior algebra. This implies that 
if ker a has constant dimension then V = ker a is integrable as a distribu- 
tion. It follows that a. induces a weakly non-degenerate closed form on 
M/V when this quotient is a manifold. In general we will not make any 
non-degeneracy assumptions on a. However, when needed, the following 
terminology will be useful. 

Definition 3.2 (Baez, Hoffnung and Rogers [1]). A k-plectic structure is a closed 
geometry (M, a) of degree r = k + 1 with a (weakly) non-degenerate. 

It is easy to give a couple of elementary examples. Firstly, if M = R" 
is a vector space, then any constant coefficient form a on M is closed, and 
the discussion of the previous section gives many fc-plectic examples. Of 
particular importance are the forms cpQ (2.2), on R'', <J>o (2-3) and po (2-4), 
both on R^. 

Example 3.3 (Multi-phase space). Given any manifold N we may consider M = 
A*^T*N. This carries a tautological form G O'^(M) given by 

j3(,(Xi,...,Xfc) = fc(7r*Xi,...,7r*Xfc), 

where n: M = A'^T*N N is the bundle projection. Defining 

(X = djS, 

we get a closed {k + l)-form on M which turns out to be non-degenerate 
so (M,a) is A:-plectic. To see this, choose local coordinates cj^,...,q" on 
U C N and note that dcj' = dq''^ A ■ ■ ■ A dcj'^''-'^ gives a basis for each fibre of 
A^T*LZ C M. Let pi be the corresponding fibre coordinates, then 

and non-degeneracy of a is manifest. This is the higher degree generalisa- 
tion of the usual symplectic structure on phase space T*N. It is the central 
example in mechanics and field theory based approaches to the geometry 
of closed forms. 

In order to build multi-moment maps we need to construct closed one- 
forms out of the group action and the closed r-form a. This involves con- 
tracting DC with linear combinations of r — 1 vector fields. Here it is conveni- 
ent to use the notion of multi-vectors. 
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3.1 Calculus of multi-vectors 

Recall that a multi-vector p of degree s on M is a sum p = ^4=1 qi of simple 
multi-vectors of the form 

= Xi A X2 A • • • A Xs (3.1) 
with Xj smooth vector fields on M. We will use 

X'(M) = r(A'TM) 

to denote the space of degree s multi-vectors on M. This is dual to the space 
Q^(M) of differential forms of the same degree. We write j for the partial 
evaluation map X\M) x CY{M) Q'-^(M), 

{q^ /3) (Yi, . . . , Yr-s) = iS(Xi, X2, . . . , X,, Yi, . . . , Y,_,). 

When we consider symmetries, we will have use for a generalisation 
of Cartan's formula >Cx« = d{X_i a) + X_idix for the Lie derivative. To this 
end note that one may regard X{M) as a vector space over R and form 
the exterior powers Al^X{M). These spaces are larger than X^(M) which 
is equal to the exterior product of X(M) over C°°(M). There is a natural 
R-linear projection A^X{M) — )■ X^{M) given on decomposable elements 
by 

Q = Xi X • • • X Xs I-)- ^ = Xi A • • • A Xs, (3.2) 
where X denotes the wedge product over R. For a such a Q, we write 

QAi = {-iy-'X^X--- XXiX--- XXs 
and QAi; = (QaOa;- We define 

s 

(j£)Qa = ^QA/J>Cx,a and (3.3) 
L(Q)= Yl [Xi,Xj]xQMj, (3.4) 

and extend R-linearly to A|j X(M). 

Lemma 3.4 (Extended Cartan Formula). For a. G n''(M) and p G X^(M), we 

have 

pjdoc — {—lydiipjo) = {jC)pCi — L(P)ja 
for any P G X(M) projecting to p. 

Proof. The left-hand side is independent of the presentation of p and both 
sides are R-linear, so it is enough to prove the corresponding formula for 
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a decomposable Q projecting to «^ as in (3.2). Note that when s = r + 1 we 
have one of the standard formulae for the exterior derivative: 

{d(x){q) = {^C)Qix-ix{L{Q)). (3.5) 

For general s ^ r + 1, write Q' — Yi X ■ ■ ■ XYt with s + t = r + 1. Note that 
we always have Qj = qj ^ for any form /S. Now we compute, using (3.5), 
(3.3) and (3.4), 

{q^da)iq') =da{qAq') = (j>C)Q^Q/a - a(L(Q A Q')) 

= f;(£x.«)(QA.- A Q') + i-iy E(>Cy,«)(Q a Q\j) 

i=i M 
-ix{L{Q)xQ')-{-iy<x{QxL{Q')) 

i=ij=i 

= ((.£)Q«)(Q') + (-l)^E>Cv,(Q^«)(Qy-(-irE«(>Cy,QAQy 

j=i j=i 

- (L(Q)^a)(Q') - (-l)«(Qj«)(L(Q')) + (-1)^ E«(>Cy,Q a 
= ((j C)qCi + {-iyd{q^ x) - L(Q) J oc) {q'), 
which gives the claimed result. □ 

3.2 Symmetries and multi-moment maps 

Let (M, a) be a manifold with an r-form ot not necessarily closed. 

Definition 3.5. A group of symmetries of (M, a) is a connected Lie group G 
acting on M preserving a. 

Infinitesimally this means that 

£x* = for all X e g, 

where g is the Lie algebra of G and we write X for the vector field generated 
by X. 

Example 3.6 (Multi-phase space). Suppose M = A'^T*N with the canonical k- 
plectic form a of Example 3.3. Then any diffeomorphism (p of the base N 
induces a sjonmetry xp of (M,a) covering (p, namely take ^ = ((p*)~^. In 
this way, any group G of diffeomorphisms of N lifts a group of symmetries 
of(M,a). 



9 



Closed forms and multi-moment maps 



The map sending an element X of g to the vector field X on M generated 
by X is R-linear. So we may extend this to associate to each p G g a 
unique multi- vector p G j£^(M). For a decomposable q = Xi A X2 A • • • A 
Xg, the corresponding multi-vector is exactly the q given in equation (3.1). 
When G preserves a, we have (j C)pOC = for each p G g, so the extended 
Cartan formula reads 

pjda - {-iyd{p_ia) = -L{p)_iPi for all p G A' g, (3.6) 

where L{p) is understood to be the multi-vector corresponding to L(p) G 
A^^^ g which is defined as in (3.4) but using the Lie bracket of g. In partic- 
ular, when a is closed, we see that pj a is closed whenever L(p) = 0. 

Definition 3.7. The kth Lie kernel of g is the g-module 

Pg,fc = ker(L: A'^g^A^^-ig). 

If G acts a group of symmetries for a closed geometry of degree r we may 
write 

for the corresponding Lie kernel of g. 

Since each Ad^, ^ G G, is a Lie algebra automorphism of g, we see that 
is a G-module. 

If G is a Abelian, then = A*^ g. For any g, we have 1 = g. 

Example 3.8. For G = SJJ(2), let Xi,X2,X3 be a basis of su(2) satisfying 
[Xi,X2] = -2X3, etc. The map L: A^su(2) h?-su{2) is given by the cyclic 
sum L(Xi A X2 A X3) = 61,2,3 [Xi,X2] A X3 = -2Y4=i Xi A Xj = 0, so this 
L is identically zero. Thus 'Psu(2),2 = A^su(2)* = R. On the other hand, 
L: A^su(2) — )■ su(2) is an isomorphism and Psii{2),i = {0}- 

More generally, if g is a simple Lie group of compact type, and Xi, . . . , X„ 
is a basis for g consisting of unit length vectors for the Killing form, then 
one has that the element Ei|;=i X, A Xj A [Xj,Xy] lies in 'Pg 2. This element 
corresponds to the standard representative 7(X, Y, Z) = ([X, Y],Z) of the 
third cohomology group (g) = R. For g simple, L : A^ g — )■ g is onto so 
we have Vg,i = A^g/g, which is a non-zero irreducible G-module when 
dimG>3, cf. Wolf [41]. 

Now suppose that we have a closed geometry (M,a) and that G is a 
group of symmetries. Then for p inVg = Vg^r-i ^ A''"^ g we have pj a G 
0^(M) and 

d(pj a) = 0, 
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by Lemma 3.4. Thus pj a is a closed one-form and locally the derivative of 
a function Vp. Letting p vary over Vg, we obtain a family of functions that 
may be combined into a local map v: M — )■ P* by setting (v, p) = Vp. This 
motivates the following definition: 

Definition 3.9. Let G be a symmetry group for a closed geometry (M, a). 
A multi-moment map for this action is an equivariant map v : M ^ V* satis- 
fying 

d{v,p) = pjot (3.7) 

for all p G Pg. 

For a a symplectic form, this is exactly the usual notion of moment map, 
since = Pg,i = g. Concrete examples of multi-moment maps will be 
given in Section 4. 

The obstructions to constructing a multi-moment map are quite weak. 
To start with if bi (M) = then we can always find global functions Vp with 
dVp = p J ec. Using averaging arguments we have the following topological 
existence result. 

Theorem 3.10. Let (M, a) be a closed geometry with G acting as a group of sym- 
metries. Suppose bi (M) = 0. Then there exists a multi-moment map v: M —> V* 
if either 

(i) G is compact, or 

(ii) M is compact and orientable, and G preserves a volume form on M. 

Proof. The proofs given in [30] for the case of a a three-form carry directly 
over to this general situation. In the first case, one averages over G; in the 
second, one averages over M. □ 

A second useful existence result occurs when a is exact in a good way. 

Proposition 3.11. Suppose G is a group of symmetries of a closed geometry (M, ol) 
of degree r. If there exists a G-invariant form fi with cc = d/3, then 

(v,p) = (-iri^(p) for per, 
defines a multi-moment map for the action of G. 

Proof. Invariance of j6 implies that v is equivariant, so we just need to verify 
equation (3.7). However, Lemma 3.4 gives 

d{v, p) = (— l)''~^d(pj j6) = pjd^ = pj oc, 

since L(p) =0 and jS is invariant. □ 
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Finally there is a purely algebraic existence and uniqueness result de- 
pending only on the Betti numbers of Q. The dual of the map L : A*^"*"^ g — >■ 
A*^ g is essentially the differential 

d: A^g* ^ A^+ig* 
(rf7)(Xi,X2, . . . ,Xfc) = -7(L(Xi A X2 A • • • A Xk)). 

The Jacobi identity implies L o L = and so do d = 0. Thus we have the 
Lie algebra homology H^(0) of g defined by the complex (A*g, L) and the 
Lie algebra cohomology H*(g) defined by {A*g*,d). In particular, 

, ^ ker(d: A^g-^A^+ig*) ^ 

im(rf: A'^-ig*^A'^g*) BHfl)' 

the quotient of the space Z'^{q) = kerd of cycles by the space of boundaries 
^'^(0) = imrf, and we write 

bfc(g)=dimH'^(g) 

for the kth Betti number of g. 

Our algebraic existence and uniqueness criteria are expressed in terms 
of vanishing of certain Betti numbers. It is therefore useful to introduce the 
following terminology. 

Definition 3.12. A connected Lie group G or its Lie algebra g is (cohomo- 
logically) (ki,k2, ■ ■ ■ ,k^)-tnvial if the Betti numbers &fc(g) vanish for k = 
kx,k2, . . . M. 

We will discuss these type of conditions in some detail in Section 5, 
however let us note that a simple Lie algebra is always (1, 2) -trivial, but has 
^3 non-zero. Indeed looking up the Poincare polynomials of the compact 
simple Lie algebras reveals the following: 

Proposition 3.13 (Madsen [28]). Every compact simple Lie algebra not isomor- 
phic to su(n), n ^ 3, is {1,2, 4, 5, 6) -trivial. □ 

Returning to multi-moment maps the algebraic existence and imique- 
ness result is: 

Theorem 3.14. Suppose (M, a) is a closed geometry of degree r and G is a group 
of symmetries. If G is (r — \,r)-trivial then there exists a unique multi-moment 
map v: M —> V*. If G is just (r — l)-trivial, then v is unique whenever it exists. 

Proof The proof builds on the following observation. Taking the dual of 
the exact sequence 

> Vs,k — ^ AS A^-^ 
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we obtain the sequence 

A^-^g* -^-^ A'^g* V*,^ > 0. 

From this one sees that V*j^ = A*^g* /B*^(g) and so the exterior derivative 

d: A'^q* -> A'^+^g* induces a well-defined linear map d-p: V* A*^+^(g) 
via d-pa = db where a = b + 5^(3) e V*,^ = A'^g* /B^{q). We now see that 

d-p is injective if and only if fcjc(0) — and that the image of dp is B^^^{g). 

Now let us consider the situation of the Theorem. The action of G on 
M defines a map 

Y: M^Z'-(0), 
(Y(x),p) = (-l)'-«(p),, (3.10) 

for all p G A"" g and x G M. To see that the image lies in Z''(g) ^ A'' g*, use 
(3.6) for the invariant closed form oc to get 

(d(Y(x)),q) = (Y(x),L(q)) = {-iycc{L{q)), = {-iy+\qjdcc), = 0, 

for each q G A''+^ g. 

Now if br(g) — 0, then Z''(g) = B''(g) = imdp, so we may find for 
each X e M a Vx G 'P* with dp{vx) = Y(x). If &r-i(g) = 0/ the map dp 
is injective, so there is a unique choice of Vx for each x. It follows that v is 
equivariant. 

Suppose we have an equivariant map v. M ^ V* with d-pv = Y of 
equation (3.10) and that br-i(g) = 0. We claim that v is a multi-moment 
map. The important fact here is that br-i (g) = says ker d = im d in A*"^^ g* 
which dually means that im L = ker L in A''"^ g. However, ker L = Vg so 
L: A'' Q ^ A''~^ g maps on to the Lie kernel Vq. We may now compute, for 
p = -L(q) G Vg, 

d{v,p) = —d{v,L{q)) = d{d-p{v),q) 
= d(Y,q) = {-lydiqjOi) 
= L{q)^K = pja, 

by (3.6). Thus v is indeed a multi-moment map. □ 

4 Example geometries and their multi-moment maps 

Having introduced the general theory of multi-moment maps we will now 
look at a number of concrete examples. For many examples the main focus 
will be on closed geometries of degree 4, but we will also consider other 
cases. When relevant we will also discuss the use of multi-moment maps 
to describe reductions of certain geometries. 
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Definition 4.1. Suppose v: M ^ Vg is a multi-moment map. Then for each 
i e "Pg fixed by the G-action, the reduction of M at level t is 

M//y,tG = v-^{t)/G. 

We set M//yG = M. 7/^,0 G for the reduction at level 0. 

This makes sense, since v is G-equivariant so the G-action preserves 
v~^{i) whenever t is fixed by G. This notion of reduction corresponds to 
the usual Marsden-Weinstein quotient in symplectic geometry. However 
because the structure of forms of higher degree is so varied, the type of 
geometry obtained on the quotient is often of a different character to the 
geometry on M. Also, one usually has to impose assumptions, such as 
freeness of the action of G and regularity of the value t, in order to obtain 
smooth quotients. 

4.1 Multi-phase space 

This is M = A''^^T*N with the canonical r-form a of Example 3.3. If G 
is any group of diffeomorphisms of N, then as noted in Example 3.6, this 
induces an action of G on M preserving a. However, in this case we have a 
is equivariantly exact: the canonical form j6 is also G-invariant and satisfies 
rfj6 = a. By Proposition 3.11, there is a multi-moment map v given by 

(v,p) = (-iri/3(p). 

A concrete example is provided by taking N = R^. If we consider the 
closed geometry of degree 4 on M = A^r*N = TN = R^, we have a and jS 
given by the cyclic sums 

a = (3 dp^ A dq^ A dq^ A dq^, jS = (3 p^dq^ A dq^ A dq^. 

1,2,3,4 1,2,3,4 

If G = R"^ acts by translations on N = R^ then 

and V is simply projection on to the fibres of TR^ R^. 

4.2 Product manifolds 

Let (N, a') he a {k — l)-plectic manifold. Consider M = x N and write 6 
for the standard one-form on the S^-factor. Then as in the proof of Proposi- 
tion 2.6, we have that a. = 6 Ace' is a fc-plectic form on M. 

If H is a group of symmetries of (N, a.'), then G = x H is a group of 
symmetries of (M, a), where the S^-factor of G acts non-trivially on just the 
-factor of M preserving 9. 
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Suppose v' : N ^ is a multi-moment map for the action of H 

on N. Writing g = IRT © f), we have that 

A'" = (T A A'«-i f)) © A'" [) . (4.1) 

Since T commutes with f), the map L : A*^ g — >■ A^~^ g preserves the split- 
tings (4.1) and we conclude that 

As = £,t6 = d{T_i 9), we may scale T by a constant so that 6{T) = 1. Let i? 
denote the element of g* that annihilates t) and has i?(T) = 1. We claim that 

V = I? A 1/' 

is a multi-moment map for the action of G on M. Firstly, v is a map to 

Rj? A V^j^_-^ C P*j^ and it is equivariant for the action of G = x H. 
Secondly, for p E V^^i, we have p = T A p' + q with p' G 'Pt,,k-i q G T^f, fc- 
Now V is zero on q and 

d{v, p) = d{i) Av',JA p') = d{v', p') = p'ja' = {T A p')j {6 A ol') = pj a. 

So V satisfies (3.7) and is a multi-moment map. 

Starting with {N,co) a symplectic manifold with a Hamiltonian action 
of H, iteration of the above construction produces a /c-plectic structure on 
M = T*^^ X N together with a multi-moment map for the action of G = 

T^^-i X H. 

4.3 Symplectic manifolds 

If a; G n^(M) is an ordinary symplectic form, then each power co^ G 
n-^'^(M) with 2k ^ dimM is {2k — l)-plectic. In particular, we may con- 
sider the four-form a = a;Aa; = a;^asa 3-plectic form on M. Let us take 
dim M ^ 6 and assume that M is simply-connected. 

If X is a vector field preserving a, then we have = = 2a) A Cx<^- 
But the map a; A ■ : A^r*M — )■ A'*T*M is injective when dimM ^ 6, so we 
have Cx<jo = and X also preserves cv. Thus symmetries of {M,cv^) are 
nothing but symplectomorphisms of (M,a;). 

Let us first consider actions of Abelian groups. Suppose G = R'^ acts 
generated by vector fields Xi, X2 and X3. Then by the extended Cartan for- 
mula (Lemma 3.4), we have d(a;(X,,Xy)) = d((X, AXy)ja;) = — [X,-,Xj]ja; = 
0, showing that a;(X„Xy) is constant. Taking constant linear combinations 
of our vector fields we may therefore assume that u){Xi, X3) = 0, for i = 1, 2, 
and that a;(Xi,X2) = Se {0,1}. 
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Now a multi-moment map v : M — ^ "P* = g* = R has differential 

dv = (Xi A X2 A X3) J a = (Xi A X2 A X3) j o;^ 

(4 2) 

= 6 a;(Xi,X2)a;(X3,-) =SX3^cv. 
1,2,3 

Thus if ^ = 0, i.e. the orbits of the G-action are isotropic, then v is constant. 

Fixing now S = 1, we note that if ^, is a symplectic moment map for X,, 
then X2//1 = djii{X2) = to{Xi,X2) = S — 1. Thus in this case Xi and X2 
do not Poisson commute and there is no symplectic moment map for the 
action of the whole of G. However, v = ^3 is a multi-moment map for the 
action of G. 

A second case is given by considering G = SU{2) with generators X, G 
su(2) as in Example 3.8. Since G is compact and bi{M) = 0, there is a 
symplectic moment map = {}ii,}i2,H3) ■ M — )• su(2)* = satisfying 
Lxil^z = —2^3, etc. As above we find that Lx^^i = d}i2{Xi) = —cv{Xi,X2). 
For a multi-moment map v : M — > 'Psu(2),2 — equation (4.2) gives 

3 

dv = (Xi A X2 A X3)_ia = 2 ^ ^,cl^, = d\\}i\\ . 

i=l 

Thus a multi-moment map is v = ||^||^. It is unique up to the addition of a 
constant. 

The quotient M //y SU{2) = y-'^ {0) / SU{2) is nothing other than the 
symplectic quotient of M by SU{2), and thus inherits both a symplectic 
form co' and a closed four-form a' = {co')'^- 

For t > 0, the geometry of the reduction M //y^t SU{2) = v''^ {t) / SU{2) 
is more complicated. Part of the reason for this is that even in the good case 
when SU{2) acts freely on Mf, there is no canonical choice of connection 
form for the SLJ(2)-bundle Mf — > M //v,f SU{2). This problem is remedied 
in geometries that come equipped with a metric. 

4.4 HyperKahler manifolds 

A variant of the construction considered above arises in the setting of qua- 
ternionic geometry. A quaternion-Hermltian manifold Q is a 4n-dimensional 
Riemannian manifold with a rank three subbundle Q C End (TQ) which is 
locally trivialised by anti-commuting almost complex structures I, J and 
K that satisfy K — I}. In addition the Riemannian metric g must be com- 
patible with Q, meaning g{XX,XY) for each X,Y e TxQ and X G Qx', in 
particular u)i = g{I-, •), etc., are locally defined non-degenerate two-forms. 
A quaternion-Hermitian manifold carries a non-degenerate four-form Q 
which may locally be expressed as 

Ci = coi Au>i + CV] AcV] + tOK A cok- 
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In dimension eight and above one says that Q is quaternionic Kahler if 
the fundamental form is parallel, V'^'^O = 0. This implies that Q is closed. 
In dimensions 12 and higher dCl = is actually equivalent to the qua- 
ternionic Kahler condition [36]. Gray [21] showed that the stabiliser of Q 
under the action of GL(4n,]R), n > 1, is the compact group Sp{n) Sp(l) and 
so O determines the metric g. In dimension four, these considerations no 
longer hold and a quaternionic Kahler manifold is instead defined to be an 
oriented Riemannian manifold which is Einstein and self-dual. 

If the subbundle Q can be globally trivialised by I, J, K and these almost 
complex structures are integrable then we have a hyper-Hermitian mani- 
fold. This will then be hyperKahler provided that the two-forms toi, etc., 
are closed. 

In [37] it was shown that to any quaternionic Kahler manifold Q^" 
of positive scalar curvature one may associate a hyperKahler manifold 
^4n+4 _ ^|-Q-j 3(;|-g a hyperKahler generalisation of the twistor 

space; this is known as the Swann bundle and may be written as U{Q) = 
R>o X <S, where S is the bundle of triples {I,J,K). Conversely given a 
(4n + 4) -dimensional hyperKahler manifold M admitting a special type of 
SLI(2)-action then a version of the Marsden-Weinstein reduction produces 
a quaternionic-Kahler manifold of positive scalar curvature; this latter re- 
duction process can be realised in terms of multi-moment maps. 

The relevant type of S!J(2) -symmetry often arises due to the presence 
of a vector field X on (M.'^"^'^,g,I,J,K), a special homothety (cf. [33]), with 
the following properties: 

^xg = g, J^ixg = 0, Cixl = 0, £jx/ = -K, CixK = J, etc. 

Special homotheties generate a local action of H* and in good cases 
the vector fields IX, JX, KX integrate to give an action of SU(2) which is 
necessarily locally free. 

Proposition 4.2 (Madsen [28]). Let (M^""*"^, g, I, J, K) be a hyperKahler mani- 
fold, and X a special homothety. If IX, JX, KX generate a locally free action of 
SU(2) then this action preserves Q and a multi-moment map v: M — >• IR = 

v = -3||xf. □ 

Any non-zero t G v(M) is a regular value. The level sets correspond 
to ||X|| is constant and the results of [37] show that M //y^t SU.{2) is a qua- 
ternionic Kahler orbifold of positive scalar curvature. 

4.5 Holonomy Spin(7) 

A Spin{7) structure is a geometry modelled on the form ^>o of equation (2.3). 
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Definition 4.3. An eight-manifold M has a Spin{7)-structure if there is a 
form O e Q^(M) such that {TxM,ii>x) is linearly isomorphic to (]R^,<E>o) for 
each X E M. 

Now <E> determines a volume form and Riemannian metric on M via the 
relations 

4)2 = 14 vol, ((XAy)j4))2 A4) = 6||XAy||2vol. 

o 

Comparing with 4>o we see that vol and g correspond to the standard 
volume volo = ^12345678 and metric ^0 = Lf=i on IR^. We also see that 
4> is a self-dual four-form *4> = 4). In particular, a closed Spm( 7) -structure 
has 4> harmonic and it follows that the holonomy group of g is contained 
in Spin(7). This is one of the two exceptional holonomies in the Berger clas- 
sification [5, 6]. Examples of metrics with holonomy exactly Spin {7} are not 
easy to find. Local existence was proved by Bryant [8], the first complete 
examples were produced by Bryant and Salamon [9] and the first compact 
examples were found by Joyce [25]. The complete examples produced by 
Bryant & Salamon have many symmetries, in fact the symmetry group acts 
with cohomogeneity one, so the principal orbit is of codimension one. Fur- 
ther systematic study of cohomogeneity one examples with compact sym- 
metry group has been made by Reidegeld [34, 35]. One sees that many of 
the examples and candidates have compact symmetry groups of rank 3, so 
an interesting class of Spin (7) -manifolds are those with T^-symmetry 

Given a closed Spm( 7) -structure (M,4>) with free T'^ -symmetry, fix a 
basis Ui, U2, U3 for t = ]R^. Then we have the following two-forms on M: 

0)1 = U2-1 U3J 4>, 002 = U3J !ii J 4>, CV3 = Ui J U2-1 4). (4.3) 

These forms are all closed, by the Lemma 3.4. 

To see the structure of these forms, we consider the geometry of (IR'', 4>o). 
Isolating ei in the expression (2.3) for 4>o we have 

4>o = ei A (^234 + ^256 + 6278 + ^357 " ^368 - 6453 - 6467) 

+ ^5678 + ^3478 + ^3456 + ^2468 — ^2457 — ^2367 — ^2358 (4.4) 
= ei A ^0 + *7f0, 

where we recognise fo on Vy = {E2, . . . as a rewritten version of (pQ 
in (2.2) and *7 is the Hodge star operator on Vj with respect to the induced 
metric and volume. In particular, we see that the stabiliser of ei under the 
action of Spin(7) is the stabiliser of (po which is the exceptional group G2. 
The orbit of ei under the action of the compact group Spin{7) is thus of 
dimension dim Spm(7) — dimG2 = 21 — 14 = 7. As the Spm(7)-action 
preserves the metric go, we conclude that Spin{7) acts transitively on the 
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imit sphere S'' C R^. Thus for any unit vector v e R^, we have that Oq 
is a G2-f orm on . 

We may now repeat this argument, isolating 62 in the expression for ^0 
to get 

^0 = 62 A (e34 + 656 + e/s) 

+ 6357 — 6368 — ^458 — ^468 
= 62 A o; + ^p+. 

This time a; is a symplectic form on — (^3/ • • • /^s) arid 1/7+ is the real 
part of the complex volume form (63 + ie^) A (65 + ie^,) A (67 + ieg) on Vg = 
= C"^. The stabiliser of 62 under the action of G2 is the stabiliser of the 
pair (a;, which is SU{3). The orbit of 62 G V7 has dimension dimG2 — 
dimSLJ(3) = 14 — 8 = 6 and is just the unit sphere C Vy. Finally, the 
orbit of 63 e Ve under the action of SU{3) is = SU{3)/SU{2). This 
demonstrates the following well-known result, cf. Bryant [8]. 

Lemma 4.4. Spin{7) acts transitively on orthonormal pairs {vi, V2) and orthonor- 
mal triples {vi,V2,V3) in R^. □ 

In particular. Spin (7) acts transitively on the sets of unit length simple 
bivectors Ui A 1/2 and unit length simple trivectors Mi A M2 A M3 on R^. Using 
the first of these statements, we describe the form CO3 of (4.3) as pointwise 
corresponding to a multiple of (Ei A E2)-i*I>o = ^34 + ^56 + ^78- Thus each 
Wj is a two-form of rank 6. 

Furthermore, suppose that v : M — > R is a multi-moment map for the 
action of T-^. Then dv = (LIi A LJ2 A 1/3) j <I> which corresponds to a multiple 
of (El A E2 A E3) J <3>o = 64. This implies that on a level set (t) c M, the 
pull-back i*t03 of 003 under the inclusion map / corresponds to a multiple 
of + 678- One may prove that the T'^-invariant forms i*coi, i*0J2, i*C03 
each vanishes on Ui, U2 and U3 and thus they descend to two-forms on the 
four-manifold Nt = M Hy^t T^- The following terminology will be used: 

Definition 4.5. A triple of ai, (T2, (T3 of symplectic structures on a manifold 
N of dimension four is weakly coherent if the forms are pointwise linearly 
independent, define the same orientation and the pairing ai A cry has definite 
sign. 

A more detailed analysis of our situation gives the following description 
of the quotients Nf. 

Proposition 4.6 (Madsen [27]). Let (M,<I>) he a closed Spin (7) -structure. Sup- 
pose acts freely on M preserving O and with a multi-moment map v. Then for 
each t E v{M), the four-manifold Nt = M //v,t admits a real-analytic weakly 
coherent triple of symplectic structures ai, a2, (73. □ 
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The fact that the quotient geometry is real-analytic follows from the remark 
that acts by isometries and that closed Spin{7) structures are Ricci-flat. 
It follows that the vector fields Ui are real-analytic. 

To fully describe the relationship between the geometries of M and Nf, 
one may construct a connection one-form 6 E (M, t) as follows. Let G = 
(gij) with gij = g{Ui,Uj) and let = (LZj, U^), where = g{Uir). 
Then 9 is given by 

e = &G-\ 

This satisfies 9i{Uj) = Sij as required. The matrix G here turns out to be 
determined the geometry on Nf. 

Lemma 4.7 (Madsen [27]). G"^ = h'^Q, where h = 1/VdetG and Q = (qij) 
is the matrix given by 

(Ji A aj = Iqij vol 

on Nt. □ 

Here vol denotes the volume form on Nt induced from the quotient. 

As v^^{t) is a T'^-bundle over Nt its curvature F = d6 is a closed form 
with integral periods. We write F G n^(N, t) to indicate this. Conversely, 
given such an F, one may construct a principal -bundle over N with 
curvature F. Madsen shows that F satisfies the following symmetry condi- 
tion 

Fi A cTj = Fj A (Ti, for all (4.5) 
It turns out that this data is sufficient to invert the construction. 

Theorem 4.8 (Madsen [27]). Suppose N is a connected four-manifold with a 
real-analytic weakly coherent symplectic triple (£^1,(72, (73) and volume form vol, 
with the same orientation as erf. For each real-analytic F G Dl^^Nfi) satisfy- 
ing (4.5) there is a unique maximal connected closed Spin{7)-structure (M,<I>) 
with T^-symmetry and multi-moment map v, such that (N, ct/, vol, F) is the reduc- 
tion of M at level 0. □ 

The idea of the proof is to construct a G2-geometry on the -bundle 
P — > N determined by F . One then uses a modified variant of the Hitchin 
flow to extend this to a closed Spm( 7) -geometry on a maximal open subset 
of P X R. Explicit examples of this construction are given in [27]. Note that 
even the reduction of by the maximal torus of Spin{7) gives non-trivial 
tri-symplectic geometries on R^ that are not hyperKahler. 

4.6 G2-manifolds 

A G2-structure on a seven-manifold M is a choice of three-form (p G n^(M) 
which on each tangent space TxM is linearly equivalent to the form ^0 
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of (2.2) on IR''. As in the Spin{7) case, the form cp determines a volume form 
and metric on M via the relation 

(Xj <P) a (Yj a = 6g{X, Y) vol . (4.6) 

To interpret this formula, note that g is required to be positive definite, 
which determines the sign of vol and the conformal class of g. Now the 
fact that vol is required to be of unit length with respect to g, fixes the 
conformal factor: scaling g by > scales vol by and the right-hand 
side of (4.6) scales by f (cf. [8, 26]). 

The form is stable in the sense of Definition 2.3 and so is its Hodge 
dual, the four-form *7(pQ. However, the stabiliser of *7(po is G2 x Z2 rather 
than just G2, as may be seen by noting that —cpQ defines the opposite orient- 
ation on R^. 

There are a number of classes of Gi-structures with closed four-form 
that have particular interest for us. 

Definition 4.9. Let (M, (j)) be a G2-structure. The structure is 

(i) cosymplectic if d*7(p = 0, 

(ii) parallel ii dcp = and rf*/^ = 0, 

(iii) nearly parallel if d(p = 4:*7(p. 

Any oriented hypersurface M of a closed Spzn( 7) -manifold Y carries a 
cosymplectic G2-structure. Indeed write z : M — > Y for the inclusion and let 
N be a unit normal to the hypersurface, then formula (4.4) gives 

<[)|y = N^ A(p+*7(p 

with (p = /*(NjO) defining the G2-structure. This gives d*7(p = di*^ = 
i*d^ = 0, showing that the G2-structure is cosymplectic. 

Parallel G2-structures are so-called because the equations d(p = and 
d*7(p = imply that cp is parallel for the Levi-Civita connection of g, as 
shown by Fernandez and Gray [15]. This implies that g is Ricci-flat, cf. 
Bonan [7], and that the holonomy is contained in G2. 

Given a parallel G2-structure (M, ^) we may consider Y = x M with 
the four-form = 9 A (p + *7(p, and see that <t> gives a closed Spin(7)- 
structure. If acts on M preserving (p, then it also preserves *7(p. Now 
much as in Section 4.2, a multi-moment map v for on {M,(p) gives a 
multi-moment map v for = x acting on (Y = x M, O). 

The theory of reductions of T^-invariant closed Spm( 7) -structures, dis- 
cussed in the previous section, may now be applied to -invariant paral- 
lel G2-structures. This gives that Nt = M //y^t carries coherent triple of 
sjonplectic structures ao, ai, a2, meaning that they are weakly coherent and 
Oo A (T,- = for i = 1,2. Also the curvature associated to the S^-factor of Y 
is trivial, so v^^{t) — ?■ Nf is a -bundle with curvature form F G n|-(Nt,t), 
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whose self-dual part has no (To-component, and which satisfies the condi- 
tion (4.5). A direct description of this situation is given in [30]. 

The third class of Definition 4.9 is the manifolds of nearly parallel G2- 
structures. These also go imder the name of weak holonomy G2 in the 
terminology of Gray [22], who showed that the associated metric g is Ein- 
stein with positive scalar curvature. The simplest example of such a G2- 
structure is the unit sphere S"^ C R^, with the geometry induced from the 
flat Spm (7)-structure. The discussion above shows that = Spin{7) / G2 so 
the maximal torus acts preserving this geometry. The Spm(7)-geometry 
on can be recovered as a warped product. 

Indeed, suppose {M,(p) is a nearly parallel G2-structure. Put C(M) = 
R>o X M with the form 

Oc = s^ds A ^ + s^*7^, 

where s is the parameter on R>o. At level s, the induced structure on 

{s} X M is given by s^(p, which is a G2-structure with metric s^g. This 
shows that at each point Oc is linearly isomorphic to the Spin{7)-form <t>o 
of (2.3); so ^>c defines a Spm( 7) -structure on C(M). As dcp = ^*7(p, the 
four-form is closed and we find that 

d^c = -s^ds Ad(p + 4s^ds A *7(p + s'^d*7(p = 0. 

Thus (C(M),<I>c) is a closed Spm (7)-structure. Its metric is the warped 
product gc = ds^ + s^g. This construction was used by Bar [3] to relate the 
Killing spinors of (M,g) to parallel spinors of {C{M),gc)- For more on the 
Killing spinor approach to these G2-structures see [4, 18]. 

Now any symmetry of {M,(p) induces a S5anmetry of (C(M),<3>c) that 
preserves s. Thus a nearly parallel G2-structure with T'^-symmetry corres- 
ponds to a certain class of T'^ -invariant closed Spm(7)-structures. As in 
the previous section, let Ui, U2, U3 be vector fields generating the -action. 
For M = Lfi A LZ2 A Us, the nearly parallel condition and the extended Cartan 
formula (Lemma 3.4) give 

uj*7(p = \ujd(p = —\d{(p(u)). 

Thus V = —j^iu) is a multi-moment map for the T^-action on {M,*(j)). 
Also we have that 

uj Oc = —s^ds (p{u) + Uj *7<P 
= -l(rf(sV(u))). 

So Vc = s^v is a multi-moment map for the action on the cone (C(M),<E>c). 

Now for general f, the level set v^^(t) consists of the (s, m) such that 
s^v(m) = t. Since s G ]R>o, this relation simplifies when t = and we have 
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that 

VcHo) = C(V-HO)). 

We will therefore only consider the reductions at level 0. 

The reduction Nc = Vq^{0)/T^ of the cone carries a weakly coherent 
triple of symplectic forms Ui, (72, (73 with for example tCqCT^ = (LZi j U2-1 Oc), 
where ic'- C(M)o = Vc^{0) ^ C(M) is the inclusion and nc: C(M)o Nc 
is the projection. However, 

= i*c{s^ds A (LZu U2^(p) + i(JijLl2J#) 

where 7r*f/3 = i* {Ui^U2-i(p), with z: Mq = i^^H^) ^ M the inclusion and 
TZ : Mo N = M //yT^ the projection. The fact that (73 is non-degenerate 
on Nc = C(N) then corresponds to ?/3 being a contact structure on N. 

In this way, we see that the reduction N = M //v carries a pointwise 
linearly independent triple {f]i,f]2,V5) contact structures. The condition 
that the di are weakly coherent corresponds to the requirements that the 
forms rji A drji define the same orientation and that the symmetric matrix 
with entries corresponding to //, A dt]j + m A drji is positive definite. Thus 
one example is provided by taking N = = SU{2), with drji = —2i]2 A 7/3 
etc. Conversely the standard basis of one forms for SL(2,R) does not give 
a weakly coherent triple. 

The remaining data for the Spin (7) -geometry are the curvature forms 
F1/F2/F3 satisfying (4.5). These forms are invariant under the action of the 
Euler vector field on Nc, so they have the form F = d log s A flj + bj, with 
flj e Q}{N) closed and bi e Cl^{N). Equation (4.5) becomes 

Uj A df]j + 4:bi A rjj = fly A dtji + 4by A for all 

Thus N carries three-contact forms and the closed forms ai,...,b^. 

4.7 PSU(3)-structures 

A PSLJ(3)-structure on an oriented eight-manifold M is a three-form p E 
CP{M) pointwise modelled on pQ of equation (2.4). These geometries were 
studied by Witt [39, 40]. Such a form p determines a metric g and the five- 
form *p. A PSi!i(3)-structure is said to be harmonic if dp = and d*p = 0. 

The case when a harmonic PS!J(3)-structure admits a free two-torus 
symmetry with multi-moment map v was discussed in [28] reinterpreting 
some results of Witt. In this case one has four two-forms given by 

coo = — ((iv)^j UiJ U2-i *p, co-i = Uijp, 

a>2 = 1^2-1 P/ <^3 = U2-i a'^j *p. 
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where a is contraction of p by a;o. At a regular value t of v, these forms 

induce two-forms u, on the reduction N = M llv,t and a induces a one- 
form a. Together {a,(J\,(Jr,(J^) give N the structure of an SJi(2) -manifold, 
see Conti and Salamon [13], and a conformal scaling of a A cjq can be 2- 
plectic. 

4.8 Homogeneous k-plectic manifolds 

Suppose (M, cl) is a closed geometry of degree r = k + 1 with a group G of 
symmetries that acts transitively on M. Then the equivariant map Y : M — >^ 
Z^{q) given by (3.10) has image a single G-orbit in Z''(g). Conversely, we 
may use equation (3.10) to define closed geometries that map to a given 
orbit G • Y C Z^{g), as follows. Let be the connected subgroup of G 
with Lie algebra ker Y = {XG0:XjY = O}. Then for each closed 
subgroup H of G containing Ky, equation (3.10) gives a well-defined closed 
r-form a on M = G/H. 

Now suppose that Y = d-p^ for some /5 G "P*. If the map d-p is injective, 
then the orbits G • Y and G • (6 are identified and the map Y: M — > Z''(g) 
may now be interpreted as a map v: M — )■ . Injectivity of d-p is equivalent 
to the condition ^^-1(0) = and the proof of Theorem 3.14 shows that v is 
a multi-moment map for the action of G. 

Theorem 4.10. Suppose G is a connected Lie group with b^iQ) = 0. Let O = 
G ■ (5 C V* be an orbit of G acting on the dual of the kth Lie kernel. Then there are 
homogeneous closed geometries [G/H,ol), with a G Ci^^^{G/H) corresponding 
to Y = dpii, such that O is the image of G/H under the (unique) multi-moment 
map V. 

The closed geometry may be realised on the orbit O itself if and only if 

stabgjS = ker(dpj3). (4.7) 

In this situation, the orbit is k-plectic and v is simply the inclusion O "P*. 

Proof. It only remains to prove the assertions of the last paragraph of the 
theorem. We have O = G/K with K = stabc j8, a closed subgroup of G. 
Now equation (4.7), shows that K has Lie algebra 'ker^dp^), so the com- 
ponent of the identity X° of X is X° = Xt for Y = dp^. In particular, Y 
vanishes on elements of t and induces a well-defined form on T^O = q / 1 
The result now follows. □ 

Remark 4.11. In the case when r = 2, condition (4.7) is automatic and we get 
the result of Kirillov-Kostant-Souriau that each orbit of g* is symplectic. A 

Example 4.12. Suppose G is a (fc. A: 4- l)-trivial Lie group. Then, taking H = 
{e}, we see that every Y G Z*^+^(g) gives rise to a closed geometry on 
G with multi-moment map whose image is diffeomorphic to the G-orbit 
of Y. <^ 
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5 Cohomology of Lie algebras 

Recall from Section 3.2 that for a closed geometry of degree r, multi-moment 
maps exist and are unique for any symmetry group G which is (r — l,r)- 
trivial. This condition means that the cohomology groups H'^(g) of g are 
trivial in degrees k = r — 1 and r. While this is a concise statement, it is 
not clear which, if any algebras, satisfy these conditions. In this section, we 
will discuss some techniques to gain more information and show that there 
are in fact many such algebras. 

Note first that the definitions (3.8) and (3.9) give H^ig) = kerrf ^ g*. As 
d is dual to the Lie bracket L = [•,•]: A^g ^ g, the vanishing of &i(g) = 
dimH^(g) is equivalent to the surjectivity of L. This says that &i(g) = 
if and only if g is equal to its derived algebra g' = [g,g]. Indeed i'i(g) 
is exactly the codimension of g' in g. Lie algebras with g = g' are called 
perfect. Any semi-simple Lie algebra is perfect, but other examples may 
be constructed as the semi-direct product f) k y of a semi-simple algebra f) 
with a faithful representation V. For example, the group of isometries of 
E" with the standard flat metric is perfect for each n ^ 3. 

Interpretation of the vanishing of higher Betti numbers is more com- 
plicated. We gave some of the vanishing properties satisfied by compact 
simple Lie groups in Section 3.2. In particular, these are (l,2)-trivial, lead- 
ing to the usual existence and uniqueness results for symplectic moment 
maps. Furthermore any (1, 2)-trivial algebra is semi-simple. The structure 
of the (2, 3) -trivial groups was described in [30] and classification results 
in small dimensions given in the same paper and in [29]. In particular, 
we found that (2,3)-trivial Lie algebras are always solvable, meaning that 
g"" = {0} for some m > 0, where g*" = [g'"~^,g'"~^] is the mth derived 
algebra of g. 

The general structure theory of Lie algebras says that any g has a max- 
imal solvable ideal r, the solvable radical, and that the quotient g /r is semi- 
simple. In addition, for any solvable Lie algebra f) the derived algebra 
£ = [)' is always nilpotent, meaning that t„ = {0} for some m > 0, where 

= [t/^m-i] and «i = i'. In [30], a result of Hochschild and Serre [24] 
relating the cohomologies of g, r and g/r was used in [30] to prove: 

Lemma 5.1. Any non-zero Lie algebra with i'3(g) = is solvable and thus has 
^i(g) 7^ 0. Such a g is not nilpotent unless g = R or g = R^. □ 

The essential point is that the semi-simple algebra g/r has bj, non-zero, 
and this feeds through to &3(g) if r 7^ g. For a solvable algebra g' is strictly 
smaller than g, so b\ (g) 7^ 0. 

The (2, 3)-trivial algebras were then found to be exactly those solvable 
g such that the derived algebra ^ = g' has codimension 1 in g and such that 
g/fi acts invertibly on the cohomology groups H'{i), for i = 1,2,3. 
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5.1 (3,4)-trivial Lie algebras 

Let us work towards a description of (3, 4) -trivial Lie algebras. As a first 
result we consider direct sums of algebras. 

Proposition 5.2. A non-trivial direct sum fl = fii + f)2 has ^3(0) = if and only 
if each summand [};• is {2,3)-trivial. Consequently, g is product of at most two 
summands. 

The direct sum = f}i + fl2 {3, 4:) -trivial if and only if each summand is 
(2, 3,4:)-trivial. 

Proof. This is almost direct from the Kunneth formula, which gives the 
following sum of positive terms: 

^^3(0) = fc3(l)l) +fc3(f)2) + ^'2(()l)fcl(f)2) +i'l(()l)^'2(f)2)- (5-1) 

Thus ^3(0) = immediately gives fc3([)j) = 0. However, by Lemma 5.1 we 
known that ^ 0, so the vanishing of ^3(0) also gives fc2(f)i) = 0. 

Now a similar argument, given in [30], shows that (2, 3)-trivial algebras 
are not direct sums of smaller ideals. Thus the summands f), are not direct 
sums and has at most two summands. 

In the second case, the Kunneth formula gives 

^'4(0) = i'4([)i) + hih) + biihM^i) + fc3(f)i)fci(f)2) + h{^i)b3i.h2)r (5.2) 

so the extra condition 1^4(0) =0 forces &4(f),) = too. 

The converse statements are immediate from (5.1) and (5.2). □ 

To go further and study other cases we need to use stronger techniques. 
Our main tool will be the Hochschild-Serre spectral sequence of a Lie al- 
gebra with respect to an ideal t We will consider the case when the 
f. contains the derived algebra 0'. Then the quotient algebra = g/t is 
Abelian of rank at most ^1(0). This algebra acts on the cohomology of I via 

A • [a] = [Aj doc], for A e a = 0/«, [a] e (5.3) 

Indeed the above formula defines an action of for which t acts trivially. 
Note that here d is the dififerential in 0; we will write do for the differential 
in t,so a E kerdo in (5.3). Moreover, in our case with a Abelian, this action 
induces the coboundary map di on the cochains 

CP(a,H'?(f)) = A^a* ®H'?(«) 

via 

(rfi/)(a) = E/(aAO. 

i=l 
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for a e AP+i a. 

The Hochschild-Serre spectral sequence [24] has Ez-page given by the 
cohomology of the operator di above: 

E^'^ = HP (a, Wit)). 

Note that we have 

H\a,W{t)) = {beW{t) : A-fc = Ofor all A G } = H''(«)0 

the fixed-point set of the action of G on W{t). Also note that Ej'' = for 
p > dim 0. 

Given the £2-page of the spectral sequence, the general theory defines 

maps rfi : — ^^'^ ^ induced by the exterior derivative ding and sets 
Eg''' to be the corresponding cohomology group. More generally, dr : Er''^ 
^p+r,q spectral sequence stabilises at level r = dim a. So 

Eto'' = E^J^^ and one then has 

H'(0) = e 

p+q=k 

Note that if we choose a linear splitting of the exact sequence 

then the image of W = f* in fl* has dW C A^W + a* AW + A^ o*. In 

particular, the differential of q on Eq'"^ has components in Eq'^^^, Eq^^'^ 

and Eq^^'^"^. Thus this is more general than the spectral sequence of a 
bicomplex. 

We are now ready to state our first characterisation result, the proof of 
which will be given after some discussion of consequences. 

Theorem 5.3. A Lie algebra g is {3,4:)-trivial if and only if g is solvable and for 
any codimension one ideal t containing g' one has H^{t)^ = Ofor i = 2,3,4. Here 
W{t)^ is the -part of the cohomology of t that is invariant under the action of q. 

This result already gives a number of examples of (3,4)-trivial algebras. 

Example 5.4. Let t be an Abelian algebra IR*" of dimension m. The differ- 
ential in i is zero and H^{t) = A^t* for each k. Let T be a diagonalisable 
operator acting by r(K;) = AjK;, where Ki, . . . , K;„ is a basis of eigenvectors. 
Write Ki,. . . ,Km for the dual basis of t*. Then T acts on H*^(l) with eigen- 
value Ai^ + • • • + Ki^. on A • • • A k^. We thus have that H'(€)^ = for 
/ = 2,3,4 if and only if A,- ^ — Ay — A]^, — Ay — Ak ~ whenever i,j,k,£ 
are distinct. This then gives a (3, 4) -trivial algebra g defined by 

g = RA + «, 
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where [A, K,] = TK; = A,Kj. Note that if some A, is 0, then this occurs for 
only one index i and g splits as a product K. + t), with T acting invertibly 

on t)' ^ W"-^. 

Some concrete (3,4)-trivial non-product examples are given as follows. 
First consider t = R^. xhgn g = {0,12,fi.l3), ji ^ 0,-1, is (3,4)-trivial. 
Here the notation means that q* has a basis ei,e2/'?3 with dci = 0, de2 = 
e\ A 62 and deo, — jiei A ^3. For a higher-dimensional case with t — K^, 
another example is provided by the algebras q = (0, 12, 13, 14, 15) with 
0, —1, —2, —3. For general m, by taking A, strictly positive for each i, 
we obtained (3,4)-trivial algebras in all dimensions. 

Example 5.5. Suppose J is positively graded, meaning that as a vector space 
e = ^1 ^2 e • • • ^, with C ti+j for all i,]. Such a t is necessarily nil- 

potent. Choosing a linear operator T on t, we may obtain a Lie algebra g = 
]RA + «with [A,K] = T(K) if only if r[Ki, K2] = [r(Ki), K2] + [Ki, T(K2)] for 
all K; e In the positively graded situation we may thus take T(K) = ;K, 
for K e fiy. 

Every nilpotent algebra of dimension at most 6 admits a positive grad- 
ing (see [29] for concrete gradings), so each of these nilpotent Lie algebras 
may be realised as the derived algebra of a (3, 4) -trivial algebra. As a con- 
crete example, the seven-dimensional algebra 

(0, 12, 3.13, 4.14 + 23, 5.15 + 24, 6.16 + 25, 7.17 + 34 + 26) 

obtained from (0, 0, 12, 13, 14, 23 -I- 15) via the grading given by the weights 
( 1, 3, 4, 5, 6, 7) is (3, 4) -trivial. 

Theorem 5.3 has the following consequence, which completes the char- 
acterisation Proposition 5.2 of (3,4)-trivial algebras that are direct sums. 

Corollary 5.6. Let q be a Lie algebra. Write t = q' for the derived algebra and 
= g / Then g is {2, 3, 4:) -trivial if and only if g is solvable, a has dimension 1 
and H'{iy = {0},for i = 1,2,3,4. 

Proof By [30] any (2,3)-trivial algebra has codimg' = 1 and H''(g')^ = {0}, 
for / = 1, 2, 3. Combining this with Theorem 5.3 applied to t = g' gives the 
result. □ 

Proof (of Theorem 5.3). By Lemma 5.1 we know g is solvable, so g' has codi- 
mension at least one. Now with respect to a codimension one ideal i, the 
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El -page of the spectral sequence has row q given by 



q + 1 
q-1 



For the E2-terms we thus have £2 *^ — kerdi = and E2 '' = cokerdi. 

But dim = 1, so di is a map between vector spaces of the same dimension. 
This implies cokerdi and kerdi have the same dimension and so we may 
identify eJ''' withH'?(e)0, non canonically. 

The E2-page of the spectral sequence is thus 



4 
3 
2 
1 




R 




H4(e)0 

H3(!)fl 

R 
1 








2 








3 



The spectral sequence degenerates at the E2-term and we conclude that 
from which the result follows. 



□ 



In the case when n is a nilpotent Lie algebra, one may use the above 
spectral sequence to prove Dixmier's result [14] that bi^{n) ^ 2 for each 
< A: < dimn, since in this situation g = n acts nilpotently on W[i) and so 
W is non-zero if Hi (i) is non-zero. A refinement of the above argument 
was also used by Cairns and Jessup [10] to improve Dixmier's bounds. 

Proposition 5.7. A Lie algebra g with derived algebra g' of codimension at least 
two is {3,4)-trivial if and only if for each ideal t of g containing q' one has 
ff(e)fl = 0/ori = 1,2,3,4. 

The reason for giving this result in addition to Theorem 5.3 is that we 
will see later that we can often assume that codim g' ^ 2 and therefore take 
t = q' to be nilpotent. 
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Example 5.8. Suppose t is Abelian as in Example 5.4. We may now consider 
two commuting diagonalisable operators Ti and T2 acting on Then t 
splits as a direct sum of common eigenspaces of and T2. We wish to 
consider when the Lie algebra given by 

= (Ai,A2)+e, 

[sAi + tAz, K] = (sTi + tTj) (K), for s, i G IR, K G 
is (3,4)-trivial. 

The cohomology conditions of Proposition 5.7 are satisfied if Ti and T2 
have no common 0-eigenspace on t* for / = 1, 2, 3, 4. This is a vanishing 
condition on finitely many linear combinations of the eigenvalues of Ti and 
of T2. When it is satisfied we may thus find a generic linear combination 
T = sTi + tT2 such that the action of T on these A' 6* has trivial kernel. 
Taking Ti = T, we are now free to have T2 any linear transformation of I 
that commutes with Ti, and need not assume that T2 is diagonalisable. 

Thus for example when t = R^, we see that the algebra 

(0,0,13 + 24,14) 

is (3,4)-trivial. 

Example 5.9. If i is positively graded, as in Example 5.5, we may take Tj = T 
as in that example and let A2 be any derivation T2 of commuting with Ti . 
Then (5.4) defines a (3, 4) -trivial algebra. A simple example is obtained by 
taking i to be the Heisenberg algebra (0,0, 12). This has a positive grading 
with weights (1,1,2). A second derivation T2 acts on £* by ei 1— > e2, 62 1— >■ 
— ei, 63 I— >^ and this commutes with Ti. We thus conclude that 

(0,0,13 + 24,14-23,2.15) 

is (3,4)-trivial. Another choice for T2 is the nilpotent transformation ei 
e2, £2 i-^- 0, 63 of i*, which gives the (3, 4) -trivial algebra 

(0,0,13 + 24,14,2.15). 

Proof (of Proposition 5.7). This time 0* = and A^ o* = R, so the Ei-page 
of the spectral sequence has row q isomorphic to 



q + 1 
q-1 
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Since the maps di on the bottom row q = are zero, the relevant part of 
the E2-page is 



4 


H4(J)s _ 




£2-4 

^2 





3 






— ^ p2,3 
^2 





2 


H2(«)0 _ 




p2,2 
^2 





1 






£2,1 
^2 








R 




]R 










1 


2 


3 



The maps from and to the middle column are zero, and the spectral 
sequence degenerates at the Es-level, so 

H^{e)^E°/ + E];^ + El'\ 
H^q) ^ E°/ + E'/ + Ef. 



Thus ^3(0) = = ^4(0) implies that E^^ = = £2 '^. This says that the 
middle cohomologies of the £i-page on rows q — 2 and q — 3 are zero. 

a ^ 

However, for a sequence y — ?■ 2y — > V, vanishing of the middle cohomo- 
logy implies that a. is injective and jS is surjective. Thus the cohomologies 
at each end of these rows are also zero. In particular. 



-1,3 



H^{iy = and H^{ty = 0. 



The £2-page is now 



4 

3 
2 

1 







R 




^2 



^2 

IR2 







^2 

R 
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all the ^2 maps marked in the first picture of the E2-page are zero and 
Thus (3, 4) -trivial implies 

H^(e)B = 0. 

To prove the necessity of the cohomology conditions it only remains to 
show that = if and only if H^{t)^ = 0. In fact to get sufficiency we 
will show that H'7(€)s = is equivalent to Ej''' = 0. 

Write F = H'?(«) (g) C = W{t)c and let A, B be a basis for o. The space 
{eI''')c is the cokernel ofdi: V xV ^ V with di(/i,/2) = A/2 - B/i, where 
A, B are the linear operators of the action of A and B on V. Thus (E2 '')c is 
y / (im A + im B), whereas is ker A n ker B. 

Now A and B commute, so each preserves the generalised eigenspaces 
of the other. Decompose V as a direct sum of the common generalised 
eigenspaces V = 0E(A), where £(Ai,A2) = E^(Ai) fl Eb(A2) = ker((A — 
Ai)") n ker((B — A2)"), n = dim V. We see that A or B is invertible on each 
space E(A) with A 7^ (0,0). Thus ker A fl kerB is a subspace of E(0) and 
V'/(im A + im B) is a quotient space of E(0). 

On E(0), the operators A and B are nilpotent and commute. They thus 
generate a nilpotent Lie algebra and by Engel's Theorem, there is a basis 
vi,...,Vrn for E(0) such that A and B are upper triangular. In particular 
im A + im B ^ {vi, . . . , v^-i) and Vi G ker A fl ker B. Thus V/ (im A + im B) 
or ker A n ker B is zero, if and only if E(0) is zero. This proves that W (t)^ = 
if and only if Ej''' = 0. 

We thus have that the given cohomology conditions are necessary. To 
see that they are sufficient, note that the vanishing of W {ty implies that 

the sequence on the q-iow of the Ei-page has the form V ^ 2V ^ V with a 
injective and jS surjective. It follows that the middle cohomology is also zero 
and that £2'*^ is zero for all 1 ^ p ^ 4. This implies that ^73(9) = = i'4(0) 
as required. □ 

Theorem 5.3 and Proposition 5.7 give a full structural description of the 
(3, 4) -trivial algebras with g' of codimension at most two. The next result 
gives a couple of conditions under which this codimension assumption is 
guaranteed. 

Proposition 5.10. A Lie algebra g with ^3(5) = has derived algebra t = g' of 
codimension at most two if either 

(i) g is split, so g is the semi-direct product of a = g/^ and I, or 

(ii) H\i)^ = {0} = H^{ty. 
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Proof. When g is split, we have q = a + t, [a,a] = 0, and so the differential 
d of g satisfies da* = and di* C ^* + a* A !* . In particular, no element 
of A*^ 0* is exact, and there is an injection A*^ o* H^id) foi" each k. Thus 
^3(5) = implies a* = and has dimension at most two, as required. 

For the second case of the Proposition, we consider the spectral se- 
quence. Choose a basis Ai,...,A,. for a. The proof of Proposition 5.7 
shows that = {0} is equivalent to common generalised eigenspace 

£(0) = r\'i=i ker(A") of the induced operators Aj on ^{t) being zero. This 
implies that some linear combination A of the Aj acts invertibly on H'?(t). 
We may thus choose our basis A, so that Ai acts invertibly on the given 

Now consider the cohomology of 

A a* m^t) A A^ a* m^{t). 

The first map is given by v {Aiv, . . . , Arv), the second by (/i, ■ ■ ■ ,fr) ^ 
{Aifj - Ajfi). For f = (/i,---,/r) G kerdi C a*^W{i), we may write 
V = A~'^fi. Then Aifj - Ajfi = 0, implies that /y = A^^{Ajfi) = Ap and 
that f G imrfi. Thus the di -cohomology vanishes at the second step. 

Under the hypotheses of the Proposition, the Ea-page of the spectral 
sequence for q with respect the derived algebra t is now 



3 




pl,3 
^2 


p2,3 
^2 


f3,3 
^2 


2 








p3,2 
^2 


1 





_ 




£3,1 
2 





R 


a* 


A2 a* 









1 


2 


3 



with the solid arrow to A'^ a* representing dz and the dashed arrow indie- 
ating ^3. This gives that A^ 0* = £3' = £3' = £00 is a summand of 
H^(g). Hence b3(g) ^ dimA^a* and b3(g) = implies that dima ^ 2, as 
required. □ 

Remark 5.11. Note that the condition H^(J)s = {0} does not appear in The- 
orem 5.3. However, when ^ = g' is of codimension one, this space is 
automatically zero. Indeed, suppose that g = IRA + t with t an ideal. A 
non-zero element of H^(^)0 is an element 7 G I*, such that do7 = and 
A • 7 = 0. The first condition implies that 7 annihilates t' , the second says 
that 7([A, K]) = for each K G J. Thus 7 annihilates g', but so does 0*, so 
g' is at least codimension two. A 
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The Betti numbers of Lie algebras of dimension at most 6 are given in 
Freibert and Schulte-Hengesbach [16, 17]. One may thus use their tables to 
read off which algebras of dimension 4, 5 or 6 are (3, 4) -trivial. Table 5.1 
summarises the resulting sets of Betti numbers that occur. The tables con- 
firm that g' is of codimension at most two in these cases. When the codi- 
mension equals two, i.e., bi (g) = 2, one sees that ^^(g) = 0. In other words, 
these examples are not unimodular. The next example shows that this is no 
longer true in higher dimensions. 



n = dimg 




4 


(1,0,0,0), (2,1,0,0) 


5 


(1,0,0,0,0), (2,1,0,0,0) 


6 


(1,0,0,0,0,0), (1,0,0,0,1,1), (2,1,0,0,0,0) 



Table 5.1. The sets of Betti numbers of the (3, 4) -trivial Lie algebras g 
appearing in the low-dimensional classifications of [16, 17]. 



Example 5.12. Consider an (m + 2) -dimensional Lie algebra of the form as 
in Example 5.8 with Ti and T2 commuting and diagonalisable. The proof 
of Proposition 5.7 shows that we may assume that Ti is invertible. The 
action of Tj on H"^({) is simply the trace of the action t* . When m ^ 5, we 
may ensure that the cohomology conditions of Proposition 5.7 are satisfied 
and that each T, acts trivially on IV" {t), for example by giving both T; 
strictly positive eigenvalues on some (m — 1) -dimensional subspace of I 
and requiring T/ to be trace-free. Now this trace-free condition ensures 
that the maps di : — > £[^^'"' of the Hochschild-Serre spectral sequence 
for g with respect to the ideal t are identically zero, so H"(g) = E2''" = 
jP^''" = H™{1) = R, showing that g is unimodular. A concrete non-product 
unimodular (3,4)-trivial algebra of dimension n = m -I- 2 ^ 7 with bi = 2 
is given by 

(0, 0, 13 + 23, 14, 15, . . . , (1 - m).ln -2n). 
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